Universal phenomena far from equilibrium exhibit additional independent scaling exponents and functions as compared to thermal universal behavior. For the example of an ultracold Bose gas we simulate nonequilibrium transport processes in a universal scaling regime and show how they lead to the breaking of the fluctuation-dissipation relation. As a consequence, the scaling of spectral functions (commutators) and statistical correlations (anti-commutators) between different points in time and space become linearly independent with distinct dynamic scaling exponents. As a macroscopic signature of this phenomenon we identify a transport peak in the statistical two-point correlator, which is absent in the spectral function showing the quasi-particle peaks of the Bose gas.
Universal phenomena far from equilibrium exhibit additional independent scaling exponents and functions as compared to thermal universal behavior. For the example of an ultracold Bose gas we simulate nonequilibrium transport processes in a universal scaling regime and show how they lead to the breaking of the fluctuation-dissipation relation. As a consequence, the scaling of spectral functions (commutators) and statistical correlations (anti-commutators) between different points in time and space become linearly independent with distinct dynamic scaling exponents. As a macroscopic signature of this phenomenon we identify a transport peak in the statistical two-point correlator, which is absent in the spectral function showing the quasi-particle peaks of the Bose gas.
PACS numbers: 11.10.Wx, Introduction. Universal scaling properties of systems close to equilibrium, as for critical phenomena near phase transitions, represent a cornerstone in the understanding of complex many-body dynamics [1] . Universality implies that a broad class of different systems can show same properties, captured by universal scaling exponents and functions. For systems far from equilibrium, aspects of universality have also been investigated. Starting with turbulence [2] , there are important topical developments, such as for defect formation [3] [4] [5] , coarsening [6] , driven dissipative dynamics [7, 8] , or ageing [9] . However, the underlying mechanisms giving rise to universality far from equilibrium are still to a large extent unexplored.
An important complication arises from the fact that general far-from-equilibrium systems can break the fluctuation-dissipation relation (FDR) [10] . As a consequence, the linear response of a system to an external disturbance is no longer determined by its quantumstatistical fluctuations, such that new universal phenomena and additional scaling exponents can arise. Their determination requires knowledge about both response (or so-called "spectral") properties as well as statistical correlations between different points in time and space.
Estimates of nonequilibrium correlations at different times represent a significant computational effort [11] , and their experimental investigation with a combination of spectroscopic and, e.g., weak projective measurements [12] is challenging. The rapid progress in developments of platforms using ultracold quantum gases is especially promising for the study of universal nonequilibrium dynamics. Since these table-top setups can be well isolated from the environment, they offer particularly clean settings. For isolated quantum systems, nonthermal universality classes have been proposed [13] [14] [15] [16] [17] [18] [19] [20] and experimentally discovered recently [21, 22] , focusing so far on equal-time correlations.
In this work we compute universal far-fromequilibrium properties of a Bose gas in three dimensions. We present results for the complete set of spectral and statistical two-times correlation functions in the univer-sal scaling regime, which allows us to establish the role of the FDR. We find that the gas exhibits two distinctive collective components far from equilibrium, characterized by independent dynamic scaling exponents z and z c . The former is encoded in the dispersion ω ∼ p z between frequency ω and momentum p for Bogoliubov-like quasiparticles. Most remarkably, these excitations respect the FDR with a thermal equilibrium distribution at all momentum scales even though the system is still far from equilibrium. In particular, this thermal distribution is observed despite the absence of a zero-mode condensate and the existence of nonequilibrium quasi-particle decay rates scaling with time and momentum.
The other scaling exponent z c governs the self-similar time evolution of a transport peak in the statistical correlation function. The highly occupied transport modes carry conserved particle number towards low momenta. Specifically, their characteristic momenta scale with central time τ as p ∼ τ −1/zc leading finally to condensation. Strikingly, we find that this transport peak is not visible in the spectral function, thus violating the FDR. It is this breaking that leads to the additional exponent z = z c in contrast to equilibrium scaling.
These advances are possible since for the characteristic high occupation numbers of the far-from-equilibrium system, the quantum dynamics is well approximated in terms of classical-statistical field theory with quantum initial conditions (TWA [23] ) subject to random external fields, which can be solved numerically.
Spectral and statistical functions far from equilibrium. We investigate an interacting Bose gas described by a Heisenberg field operatorψ(t, x) with [27] 
in the presence of an external field h(t, x). The coupling g = 4πa/m is related to the mass m and scattering length a in the dilute regime, where na 3 1 with density n. We consider a class of far-from-equilibrium situations with no condensate in the initial state, but a high occu-arXiv:1810.12392v1 [cond-mat.quant-gas] 29 Oct 2018 pancy of non-condensed modes up to the healing momentum scale Q ∼ √ mgn. More precisely, the occupancy is encoded in the statistical function [24] 
(2) which is the connected part of the field anti-commutator expectation value with density n ≡ F (t, t, x, x). The occupation number distribution is given by the spatial
The characteristic initial occupancy is taken to be F (0, 0, Q) ∼ 1/ √ na 3 , which is large for na 3 1. As a consequence, the system becomes strongly correlated despite being dilute, such that perturbative or mean-field approximations cannot be applied. This property is often encountered following a nonequilibrium instability or quench at earlier times in a variety of many-body systems [15, 25] . It turns out that the details of such a farfrom-equilibrium state do not matter for the subsequent evolution because of universality [16] .
In terms of the field operators, the spectral function is given by the commutator expectation value [24] 
This quantity encodes the equal-time commutation relation
. For its computation we use an ensemble of random external fields with
where t w denotes the 'waiting time' at which the disturbance is applied, with h w (x) = 0 = h w (x)h w (y) and [26] . Here the overbar denotes averaging over different random field configurations with 0 < σ h 1. The spectral function for any time t > t w can then be obtained in linear response as
We consider the spectral function in momentum space and introduce in addition the central and relative time coordinates τ ≡ (t + t )/2 and ∆t ≡ t − t . The Wigner transform with respect to ∆t for fixed τ reads
where the factor −i is introduced such that ρ(τ, ω, p) is real; there is no such factor in the corresponding definition of the real F (τ, ω, p). Alternatively, one may consider a Fourier transform with respect to ∆t at fixed t w . This provides a very good approximation of the transform at constant τ for the times we are interested in, as is employed in the following. All results of the numerical TWA computations are rescaled with τ → τ Q 2 /(2m) and p → p/Q to give dimensionless quantities.
Universal transport peak and breaking of the FDR. In thermal equilibrium both F and ρ are related by the FDR, such that their ratio is fixed in terms of the equilibrium temperature T and chemical potential µ by F/ρ thermal = 1/[exp{(ω − µ)/T } − 1] T /(ω − µ), with the latter equality holding in the classical-statistical regime. Thus we can investigate the role of the FDR by comparing the nonequilibrium time evolution of the rescaled F (τ, ω, p) · (ω − µ)/T and of ρ(τ, ω, p).
The upper plot of Fig. 1 shows the evolution of F (red solid lines) and ρ (blue dashed lines) versus frequency ω at different times τ = 200 -1600 and fixed momentum p = 0.46; the lower plots give the same quantities, however, for fixed time τ = 400 and three different momenta. The spectral function exhibits two characteristic quasi-particle peaks at approximately time-independent frequencies. The statistical function shows two very similar peaks for which the position and amplitude of both F · (ω − µ)/T and ρ agree remarkably well already at rather early times. However, F exhibits an additional transport peak during the nonequilibrium evolution which has no counterpart in ρ.
More precisely, we find after a short initial period:
fluctuation-dissipation relation transport peak The nonequilibrium statistical function approaches rather quickly a form that can be decomposed into a quasi-particle contribution, which fulfills the FDR of thermal equilibrium, and a transport peak contribution F c that clearly violates it. At sufficiently late times the transport peak goes away and the system approaches thermal equilibrium with the FDR fully established. Before the approach to thermal equilibrium, the statistical function is completely dominated by the additional transport peak for low enough momenta p. We find F c to be well described by the hyperbolic secant function
with an occupation number distribution f c (τ, p), dispersion ω c (τ, p), decay function γ c (p) and the effective chemical potential µ 1.06 for the parameters employed. The nonequilibrium dynamics of F c shows a self-similar scaling behavior associated to the transport of particle number towards lower momentum scales. The transport phenomenon is encoded in the time evolution of the distribution f c (τ, p) ≡ F c (τ, ω, p)dω/(2π), scaling as [16] f c (τ, p) = τ α f S (τ β p) (9) with universal scaling exponents α, β and scaling function f S as displayed in the left plot of Fig. 2 . The exponent β = 0.55 ± 0.05 is to very good accuracy related to α = 3β because of particle number conservation (see also below) [16] . The scaling function is approximately of the form f S (p) ∼ 1/[const + p κ ], where κ 4.5 ± 0.5 [19, 20] . The scaling form (9) entails that a characteristic momentum scales with time as K(τ ) ∼ τ −β , such that the occupation number of that mode is carried towards low momenta for the positive value of β. We find that also the dispersion ω c (τ, p), shown in the middle of Fig. 2 , exhibits an emergent scaling behavior:
The scaling exponent z c = 1.82±0.18 fulfills to very good accuracy z c = 1/β (cf. also [17] ). Moreover, the right plot of Fig. 2 shows the decay function γ c (p), which follows an approximately time-independent power-law γ c (p) ∼ p zc . Bogoliubov-like quasi-particles out of equilibrium. Turning now to the spectral function, we find that rather quickly it is well described by an approximate Lorentzian,
Here, µ is the same chemical potential as for the statistical function and ω(p) is the dispersion given in the left plot of Fig. 3 . Even during the far-from-equilibrium stages of the evolution, the dispersion is very well described by the Bogoliubov form ω(p) p 2 2m
assuming at all times a thermal value for the condensate density n T 0 0.72 at temperature T = 1.0 for the parameters employed. Accordingly, for small momenta one observes a linear dispersion ω(p) cp for sound waves of velocity c = gn T 0 /m. A ± (p), with label '+'(−) for ω > µ (ω < µ), are
which at small momenta behave as A ± (p) ∼ 1/p. Therefore, the time dependence of the spectral function is encoded in the decay widths γ ± (τ, p) shown in the right plot of Fig. 3 , which become approximately linear in p at low momenta. This demonstrates the existence of long-lived quasi-particle-like modes also far from equilibrium. Effective condensate and unequal-time scaling. We have established that the Bogoliubov dispersion (12) , assuming a thermal condensate density n T 0 , holds already at early times where the actual condensate density still appears negligibly small. For given volume V , the time evolution of the zero-mode n 0 (τ ) = f c (τ, p = 0)/V is shown in Fig. 4 . In addition, we display the sum over the dominant transport modes of the distribution function 
The value of K ref is appproximately set by the scale below which the transport peak is larger or comparable to the Bogoliubov peaks at time τ ref . Though during the nonequilibrium evolution both n 0 (τ ) and n < (τ ) depend on time, their sum becomes approximately constant. Remarkably, they quickly add up to n 0 (τ ) + n < (τ ) n T 0 , i.e. the thermal value of the condensate density entering (12) . In this sense, the time-evolving transport peak acts as an "effective condensate" for the Bogoliubov modes, allowing the observation of a thermal quasi-particle excitation spectrum in a far-from-equilibrium situation.
During the build-up of the zero-mode condensate, the statistical and spectral functions exhibit scaling behavior
ρ(τ, ω, p) = τ 2β ρ S (τ βz ω, τ β p) for low enough momenta. In particular, scaling for ρ is only expected in the power-law regime A ± (p) ∼ 1/p. The left panels of Fig 5 show F and ρ as a function of ω − µ for three different times and momenta. The right panels display the rescaled functions τ −βzc−α F versus τ βzc (ω − µ) and τ −2β ρ against τ βz (ω − µ). At each time τ , the momentum p is chosen such that the product τ β p keeps the same value. All curves collapse on top of each other to good accuracy after rescaling, demonstrating the existence of time-independent spectral and statistical nonthermal fixed-point functions ρ S and F S .
Conclusions. We find two independent dynamic scaling exponents as a consequence of the breaking of the FDR caused by the emergence of a nonequilibrium transport peak. Together with the spectral and statistical fixed-point functions ρ S and F S , they characterize the far-from-equilibrium universality class of the isolated Bose gas in three spatial dimensions.
The absence of a generalized FDR preempts effective descriptions such as standard kinetic theory. While this is challenging for theory as well as experimental implementations, our findings provide new possibilities for an efficient characterization of strongly correlated many-body dynamics and the emergence of universality far from equilibrium.
